Long-time asymptotics are established for finite energy solutions of the scalar Klein-Gordon equation coupled to a relativistic classical particle: any ''scattering'' solution is asymptotically a sum of a soliton and of a dispersive free wave packet as t→Ϯϱ. These asymptotics mean the nonlinear scattering of free wave packets by the soliton.
We consider a scalar wave field (x)R, xR 3 , coupled to a relativistic particle with position q and momentum p, governed by ͑ x,t ͒ϭ͑ x,t ͒, ͑ x,t ͒ϭ⌬͑ x,t ͒Ϫm 2 ͑x,t͒Ϫ͑xϪq͑t͒͒, ͑1͒ We have set the mechanical mass of the particle and the speed of wave propagation equal to one. The case of the point particle corresponds to (x)ϭ␦(x) and then the interaction term in the Hamiltonian is simply (q). This would result however in an energy which is not bounded from below implying for the scattering theory the well-known ultraviolet divergence. Therefore we smooth the coupling by the function (x) following the strategy proposed by Abraham 1 for the Maxwell field. Respectively, the system ͑1͒ is not relativistic covariant. In analogy to the Maxwell-Lorentz equations we call the ''charge distribution.'' We assume the real-valued function to be in the Sobolev space H 1 and of compact support, i.e.,
,ٌL 2 ͑ R 3 ͒ , ͑x ͒ϭ0 for ͉x͉уR . ͑ C ͒ An important assumption is that the norm of in L 2 is sufficiently small, ␥ ªʈʈ L 2Ӷ 1 ͑3͒ meaning weak field-particle interaction.
For the potential V we introduce two sets of assumptions: smooth and bounded from below,
V͑q ͒ϾϪϱ; ͑ P min ͒ and of a compact support,
Consider the corresponding nonperturbed system with Vϵ0: ͑ x,t ͒ϭ͑ x,t ͒, ͑ x,t ͒ϭ⌬͑ x,t ͒Ϫm 2 ͑x,t͒Ϫ͑xϪq͑t͒͒, ͑4͒
, ṗ ͑ t ͒ϭ ͵ d 3 x ͑x,t͒ ٌ͑xϪq͑t ͒͒.
The system ͑4͒ has solutions traveling with constant velocity v,͉v͉Ͻ1. Up to spatial translations they are given by
Here we set ϭͱ1Ϫv 2 and xϭx ʈ ϩx Ќ , where vʈx ʈ R 3 and vЌx Ќ R 3 for xR 3 . We call S v (t) the soliton with velocity v centered at q(t)ϭvt.
Let us discuss and summarize now our main results, the precise theorems to be stated in the following sections. Consider the set of scattering solutions to ͑1͒ for which ͉q(t)͉→ϱ as t→ϱ. Below we discuss the properties of these solutions. Since only a finite amount of energy can be dissipated to infinity, we shall show the relaxation of acceleration,
More precisely, we shall establish the rate of convergence ͉q (t)͉ϳt Ϫ1Ϫ with a Ͼ0. This is a crucial point of our asymptotic analysis. It implies that
Also we show that the fields are asymptotically traveling waves in the sense
Since the energy is conserved, the convergence here is in the sense of local energy seminorms, cf. Sec. II. Further, we shall establish the corresponding asymptotics in the global energy norm,
where U(t) is the unitary group generated by the free Klein-Gordon equation, and ⌿ Ϯ are the scattering states. At last we suggest simple sufficient conditions for solutions to be scattering. Note that all finite energy solutions are scattering if V(x)ϵ0. We prove ͑8͒, ͑9͒, and ͑10͒ with the assumption ͑3͒, however we suggest the same asymptotics hold in more general framework. We mention now some previous results which reflect the gradual progress in investigating the long-time asymptotics for coupled field-particle equations.
The results of Ref. 14 for the wave equation, mϭ0, imply the long-time convergence to the set of solitons of type ͑5͒ in the sense of local energy seminorms, as in ͑9͒.
Soliton-type asymptotics were proved for certain translation invariant completely integrable 1D equations.
18 Soliton-type asymptotics in local energy seminorms was proved for a translation invariant 3D system of a scalar field coupled to a particle 15 and for translation invariant 1D kinetic-reaction systems. Soliton-type asymptotics of type ͑10͒ in global energy norm were proved initially for small perturbations of soliton-type solutions of 1D nonlinear Schrödinger equations. 3, 4 Soliton-type asymptotics of type ͑10͒ in the energy norm for all finite energy scattering solutions is proved here for the first time for coupled particle-field equations ͑1͒. The asymptotics is provided by radiation of the energy to infinity which leads to the relaxation ͑7͒. The relaxation in classical electrodynamics is known as ''radiative damping'' studied by Lorentz, 17 Dirac, 5 Feynman 7 and others.
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Note that a lot of numerical experiments 12 confirm the long-time convergence of an arbitrary finite energy solution of a general relativistic equation to a finite sum of solitons with velocities less than the light speed and of ''photons'' propagating at the light speed. Nevertheless the proof remains an absolutely open problem. 
II. EXISTENCE OF DYNAMICS, A PRIORI ESTIMATES
Note that both spaces E and E F are metrisable. For L 2 we have
Therefore E is the space of finite energy states. The Hamiltonian functional H is continuous on the space E and the lower bound in ͑11͒ implies that the energy functional ͑2͒ is bounded from below, namely,
We consider the Cauchy problem for the Hamiltonian system ͑1͒, which we write as
All derivatives are understood in the sense of distributions. Here
Recall that we are interested in situations where the particle is allowed to travel to infinity, e.g., when the external potential V(q) vanishes identically. The existence of dynamics is true under such conditions ( P min ).
Theorem 2: Let (C) and ( P min ) hold.
Then (i) for every Y 0 E the Cauchy problem (13) has a unique solution Y (t)C(R,E). (ii) For every tR the map W t :Y 0 ‫ۋ‬Y (t) is continuous both on E and on E F . (iii) The energy is conserved, i.e.,
(iv) The speed is bounded,
Proof: We follow Ref. 14, where the case mϭ0 is considered. Let us fix an arbitrary bϾ0 and prove ͑i͒-͑iii͒ for ʈY 0 ʈ E рb and ͉t͉рϭ(b) for some sufficiently small (b)Ͼ0.
ad (i)
Fourier transform provides the existence and uniqueness of solution Y 0 (t)C(R,E) to the linear problem ͑13͒ with V 1 ϭ0. Let W t 0 :Y 0 ‫ۋ‬Y 0 (t) be the corresponding strongly continuous group of bounded linear operators on E. Then uniqueness of solution to the ͑inhomogeneous͒ linear problem implies that ͑13͒ for Y (t)C(R,E) is equivalent to
because V 1 (Y (•))C(R,E) in this case. The latter follows from a local Lipschitz continuity of the map V 1 in E: for each bϾ0 there exist a ϭ(b)Ͼ0 such that for all Y ,ZE with ʈY ʈ E ,ʈZʈ E рb,
For example, we have
Moreover, by the contraction mapping principle, Eq. ͑16͒ has a unique local solution Y (•) C(͓Ϫ,͔,E) with Ͼ0 depending only on b. Then the existence of the global dynamics will follow from the a priori estimate, see in ad (iii) below.
is continuous in the norm ʈ•ʈ E for ͉t͉р and ʈY 0 ʈрb. To prove continuity of W t in E F , let us consider Picard's successive approximation scheme Thus, for such initial data energy conservation can be shown by integration by parts. Hence ͑iii͒ follows from the continuity of W t and the fact that C 0 3 (R 3 ) C 0 2 (R 3 ) R 3 R 3 is dense in E. We use now energy conservation to ensure the existence of a global solution and its continuity. Similar to ͑11͒ we have
and by energy conservation, for ͉t͉р,
Therefore ( P min ) implies the a priori estimate ʈ͑ t ͒ʈϩͦ͑ t ͒ͦϩ͉p͑ t ͉͒рB for tR ͑20͒
with B depending only on the norm ʈY 0 ʈ E of the initial data and on ͦͦ. Properties ͑i͒-͑iii͒ for arbitrary tR now follow from the same properties for small ͉t͉ and from the a priori bound ͑20͒.
ad (iv) Note first that ͑20͒ implies ͉p(t)͉р p 0 Ͻϱ. Hence
ϭ͉p͑t ͉͒р p 0 Ͻϱ, which yields ͉q (t)͉рq 1 ϭ . . v Ͻ1. ᮀ
III. INTEGRAL INEQUALITY ARGUMENT
Definition 3: Let 0ϽϽ1/2 and let ␣ϭ(1Ϫ2)/3. The set E is the set of the states (,,q, p)E such that
as R→ϩϱ.
If the soliton-type asymptotics is approximately valid, then the field should be close to the soliton centered at q(t) with velocity v(t)ϭq (t). We therefore consider the difference
where ⌿͑x,t ͒ϭ͑ ͑x,t͒,͑x,t͒͒
is the field part of the soliton. Defining (x)ϭ(0,(x)) and A(,)ϭ(,⌬Ϫm 2 ), it follows that ⌿ obeys the equations of motion:
On the other hand, for the soliton field ⌿ v with a fixed v, the equation
holds. Then ͑24͒ and ͑25͒ imply the following equation for Z:
Here, according to the chain rule,
where ‫ץ‬v/‫ץ‬p is the Jacobi matrix of the map p‫ۋ‬v(p)ϭ p/ͱ1ϩ p 2 . Proposition 4: Let (C), (P min ), (K) hold, let the solution Y (t) to the system (1) be scattering and Y (0)E for a certain (0;1/2). Then for any RϾ0 and sufficiently small ␥ ªͦͦ,
Proof: First, we prove the estimate with RϭR . Definition ͑23͒ implies Z(•,t)F. Solving the equations ͑26͒ we get the mild solution representation,
͑29͒
with U(t) the group generated by the free Klein-Gordon equation in H 1 L 2 , see the explicit formulas in Sec. III A below.
Thus, the proof consists of two essential parts: ͑1͒ estimating, in local seminorms, the action of the free Klein-Gordon group U(t)Z(0) and ͑2͒ estimating, in local seminorms, the free KleinGordon group applied to the Jacobian of the soliton field, U(tϪs)͓‫ץ‬⌿ v(s) /‫ץ‬p(•Ϫq(s))͔.
A. Local decay for the free Klein-Gordon group
Let us denote S t (x)ϭ͕y: ͉yϪx͉ϭt͖, B t (x)ϭ͕y: ͉yϪx͉рt͖. For sufficiently smooth initial data, say u 0 ,v 0 C 0 ϱ (R 3 ), the action of the free Klein-Gordon group in R 3 reads ͓Ref. 6, Chap. 5, formulas ͑6.4͒, ͑6.11͒, ͑6.12͔͒,
Here nϭ(yϪx)/͉yϪx͉ is the exterior unit normal vector of the sphere S t (x) at a point y, 
Proof: Note that for any fixed t the map U(t):(u 0 ,v 0 )→(u(t),v(t)) is continuous in F.
For initial data (u 0 ,v 0 )F we can approximate them with u 0 n , v 0 n C 0 ϱ such that the bounds ͑21͒, ͑22͒ hold for u 0 , v 0 uniformly in n. Hence, it is sufficient to obtain the estimate ͑36͒ for u 0 ,v 0 C 0 ϱ , with C(u 0 ,v 0 ,R) depending only on the constant of ͑21͒, ͑22͒ and on the norm of u 0 ,v 0 in F. Thus, we may use the integral representation ͑30͒ to ͑33͒.
At first consider (u w ,v w ). For the free wave equation the following energy inequality is well known:
Further, from the strong Huygen's principle it follows that for tϾR the solution (u w (x,t), v w (x,t)) does not change if one replaces u 0 (x), v 0 (x) by zero inside the ball B tϪR . Hence,
where B tϪR,tϩR ϭ͕xR 3 : tϪRр͉x͉рtϩR͖. Then the conditions ͑21͒, ͑22͒ imply, for sufficiently large t,
It remains to estimate ͦu w (•,t)ͦ R , ʈu m (•,t)ʈ R , and ͦv m (•,t)ͦ R . We claim that if (u 0 ,v 0 ) F , then for sufficiently large t any of the norms ͦI(
At first consider the spherical integrals. For example, let us prove these estimates for the integrals
For I(x,t) we should estimate ͦI(•,t)ͦ R . We have
For a non-negative continuous function u and tуR the following bound follows by integration in polar coordinates and geometric argument:
for tϾR. Thus, from the condition ͑21͒ the stated bound follows.
Then from the condition ͑21͒ the required estimate follows. For ٌJ(x,t) ϭ(m 2 /8)͐ S t (x) d 2 y ٌu 0 (y) the estimate is analogous. Consider ͦK(•,t)ͦ R . Similarly to ͑39͒ we
Then the estimate we need follows from the condition ͑21͒. Now estimate the integrals over the balls. For example, consider the integral
We should estimate ͦJ(•,t)ͦ R and ٌͦJ(•,t)ͦ R . We have
where B t ␣ ,tϪ1 (x)ϭ͕y:t ␣ р͉yϪx͉рtϪ1͖, B tϪ1,t (x)ϭ͕y:tϪ1р͉yϪx͉рt͖. Further, for sufficiently large t the first integral of ͑40͒ is bounded by
due to ͑35͒ and ͑22͒. The second integral of ͑40͒ is bounded by
by ͑22͒. Thus we have the pointwise bound ͉J(x,t)͉рCt Ϫ1Ϫ that implies the stated integral bound. Now let us estimate ٌͦJ(•,t)ͦ R . Note that
Since F(t,xϪy)ϭm/2 for ͉xϪy͉ϭt, the partial integration gives
F͑t,xϪy ͒v 0 ͑ y ͒ͯ.
Then the estimates for both the spherical integral and the integral over the ball are made as above. Hence, the bound ٌͦJ(•,t)ͦ R рC(v 0 ,R)(1ϩ͉t͉) Ϫ1Ϫ follows from the condition ͑22͒. Altogether, we obtain that for sufficiently large t the estimate ͑36͒ is true. For bounded t this estimate follows from the energy conservation for the free Klein-Gordon equation.
ᮀ Remark: The statement of the lemma is true under some weaker conditions on initial data, than ͑21͒, ͑22͒. Namely, it suffices to assume that
as R→ϩϱ; ␣ϭ(1Ϫ2)/3. Thus, for the first term on the right-hand side of ͑29͒ we have
Then from ͑15͒ the estimate
follows.
B. Decay of the soliton field subject to free Klein-Gordon group
Denote by Z 1 (x,t)ϭ(x,t)Ϫ v(t) (xϪq(t)) the first component of Z (x,t) for sufficiently large tϪs. Thus, the sum of the integrals over B Ј is bounded by (C 7 (v ,R )␥ )/(1ϩ(tϪs) 1ϩ ). So we come to
͑49͒
for ͉x͉рR and sufficiently large tϪs. Therefore ͑48͒ and ͑49͒ imply for large t -s, together with similar bounds for ٌ U (xϩq(t),t,s) and U (xϩq(t),t,s), the integral estimate
On the other hand, for bounded tϪs this integral estimate follows from ͑44͒ by energy conservation for the group U(tϪs) since ʈ‫ץ‬⌿ v /‫ץ‬pʈ F рC(v ,R )␥ by (C). Finally, ͑43͒ and ͑50͒ imply
. ͑51͒
C. Completing the proof of Proposition 4
The method was initially developed in Ref. 13 for mϭ0, see also Ref. 11 . Combining ͑29͒ to ͑51͒ and ͑41͒ we arrive at
It remains to choose ␥ 2 C(v ,R )I Ͻ1, then ͑28͒ with RϭR follows. Remark: It is important that v is bounded for bounded ␥ and fixed initial data. At last, we claim that the bound ͑28͒ with RϭR implies ͑28͒ for any RϾ0. Indeed, ͑50͒-͑52͒ hold with the norm ʈ•ʈ R instead of ʈ•ʈ R on the left-hand sides and with C i (v ,,R) instead of C i (v ,R ) on the right-hand sides. Then ͑52͒ with this generalization and ͑28͒ with RϭR imply ͑28͒ for any RϾ0. ᮀ 
IV. SCATTERING

